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In the present paper, the algorithm proposed by Giacopini 
et. al. [1], based on a mass-conserving formulation of the 
Reynolds equation using the concept of complementarity is 
suitably extended to include the effects of compressibility, 
piezoviscosity and shear-thinning on the lubricant properties. 
This improved algorithm is employed to analyse the 
performance of the lubricated small end and big end bearings of 
a connecting rod of a high performance motorbike engine.  
The application of the algorithm proposed to both the small 
end and the big end of a con-rod is challenging because of the 
different causes that sustain the hydrodynamic lubrication in the 
two cases. In the con-rod big end, the fluid film is mainly 
generated by the relative high speed rotation between the rod 
and the crankshaft. The relative speed between the two races 
forms a wedge of fluid that assures appropriate lubrication and 
avoids undesired direct contacts. On the contrary, at the con-rod 
small end the relative rotational speed is low and a complete 
rotation between the mating surfaces does not occurs since the 
con-rod only oscillates around its vertical axis. Thus, at every 
revolution of the crankshaft, there are two different moments in 
which the relative rotational speed between the con-rod and the 
piston pin is null. Therefore, the dominant effect in the 
lubrication is the squeeze caused by the high loads transmitted 
through the piston pin. In particular both combustion forces and 
inertial forces contribute to the squeeze effect. 
This work shows how the formulation developed by the 
authors is capable of predicting the performance of journal 
bearings in the unsteady regime, where cavitation and 
reformation occur several times. Moreover, the effects of the 
pressure and the shear rate on the density and on the viscosity 
of the lubricant are taken into account. 
INTRODUCTION 
 Reynolds equation is commonly used to describe the flow 
in the gap between two mating surfaces, as an alternative to the 
more complex full Navier-Stokes equations. The assumptions 
of this formulation are fully satisfied in the majority of the 
lubricated bearing commonly found in practical applications. 
These assumptions are, namely, that both the ratio of film 
thickness to contact length and the Reynolds number are small.
Cavitation may occur due to the development of low 
pressures within the fluid film. Various formulations have been 
proposed in order to correctly simulate this phenomenon. 
During years, various authors solved the problem of 
determining the active and cavitated film regions using the 
concept of complementarity (e.g. [2,3]). These classical 
methods based on a complementarity formulation do not ensure 
the conservation of mass. Giacopini et. al. [1] explained how 
assuming constant fluid density within the whole domain leads 
to an incomplete identification of film rupture and, thus, to an 
incorrect detection of film reformation. The set of 
complementarity variables proposed in [1] assure the 
conservation even in the cavitated region. 
The increasing performance and severity of operating 
conditions requested to bearings, and a constant need of more 
thorough predictions, asks for the development of new 
formulations that take into account several lubricant behaviors 
not compatible with the classical Reynolds equation. 
Therefore, in this contribution, the formulation favored in 
[1] has been extended to be capable to consider compressible 
and non isoviscous lubricant behaviors. 
In particular, a brief discussion on the way the Reynolds 
equation has been modified is presented, while the 
implementation of the developed formulation in the Finite 
Element framework is not reported for sake of brevity. Finally, 
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the lubrication analysis of the small end and the big end 
bearings of the connecting-rod of an high performance 
motorbike engine is presented. 
NOMENCLATURE   Big end inner radius   Big end axial thickness   Small end inner radius   Small end axial thickness 
U velocity   Big end radial clearance   Small end radial clearance 
h film thickness 
p pressure   cavitation pressure 
r void fraction 	  dynamic viscosity 
  density 
  density at a given pressure 
  density at cavitation pressure   angular velocity 
COMPLEMENTARITY FORMULATION OF THE 
REYNOLDS EQUATION FOR COMPRESSIBLE, 
PIEZOVISCOUS AND SHEAR-THINNING FLUIDS 
In this section, a complementarity formulation of the 
Reynolds equation for a compressible, piezoviscous and shear-
thinning fluid is presented. In the definition of a 
complementarity algorithm, two aspects must be considered: (i) 
the identification of the complementarity variables and (ii) the 
definition of the functional connection that relates these 
variables. The complementarity variables adopted in the 
formulation favored in this paper are the same proposed in [1], 
namely the pressure, p and the void ratio (or fraction), r which 
is defined as:  




 is the density of the mixture of oil and gases and 
 the 
density of the lubricant at the given pressure. 
The Reynolds equation in one dimension for unsteady and 












  0 (2) 
where h is the film thickness, U the sliding speed, and 	 the 
fluid viscosity. 
This equation is valid both in the full film region (active 
region) and in the cavitated (non-active) region. In the active 
region the lubricant is fully composed of liquid, so 
 equals 
, 
while in the non-active region the fluid cavitates, becoming a 
mixture of liquid and vapour characterized by a density, 




 ! 0 in the whole domain. By this way, 
considering the other complementarity variable r (eq.1), it is 
possible to state that, in the active region, 
 equals 
 and, 
therefore,   0, while, in the cavitated region, 
 is lower than 
, thus, r is greater than zero.  
On the other side, the pressure, p, is greater than zero in the 
active region and is considered equal to zero in the cavitated 
counterpart (note: if  # 0 the sign restriction applies to the 
difference between the fluid pressure and the vapor pressure:    ! 0). Therefore, the product  ·   is null in the whole 
domain. 
For a compressible fluid, density is a function of 
pressure, 
  
% , where 
 is the density at the cavitation 
pressure and %   is the compressibility factor. With few 
simple manipulations, it is possible to write eq.2 considering 
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(3) 
Due to the orthogonal property of some terms, eq.3 can be 
significantly simplified. Therefore, the complementarity 
formulation based on the Reynolds equation and related to the 
problem of cavitation in lubricant films for compressible fluids 
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The proposed formulation is valid both for fluids that have 
constant viscosity and for fluids where viscosity is a function of 
the pressure and of the shear rate. The extension of the 
formulation to compressible, non isoviscous problem required 
the set up of an iterative procedure: the numerical values of %   and of 	 at the i-increment are evaluated as a function of 
the pressure solution at the increment i-1. The implementation 
of the piezoviscosity and the shear thinning is performed 
adding the piezoviscosity model first and the shear thinning 
correction then to the steady state viscosity at ambient pressure. 
 
CONNECTING ROD BEARINGS ANALYSIS 
In this section, the hydrodynamic study of a big end and a 
small end of the connecting-rod of a high performance 
motorbike engine is presented. The bearings geometric 
dimensions are reported in Tab.1. Fig.1 shows the loading 
diagrams for the two bearings. The high rotational speed of the 
engine produces high inertial forces on the assembly 
components, while, the force due to the gas combustion become 
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Small end 11 0.023 22.2 
Big end 22.5 0.028 16.5 
Table 1. Bearings geometric dimensions
Figure 1. Loading parameters for the small end bearing (a) 
and the big end bearing (b) at 12000 rev/min 
 
The big end bearing is subject to a very high sliding speed. 
Therefore, the acting load is mainly sustained by the 
hydrodynamic effect, while the squeeze of th
minor influence. Fig.2 shows the pressure distribution in the big 
end bearings. The peak pressure lies next to the top dead center 
at the beginning of the intake stroke, while an extended 
cavitated region is present at every crank angle. 
the minimum film thickness. Unlike the pressure peak, t
minimum film thickness value lies around the bottom dead 
center because of a combination of a relatively high external 
load and a minimum of the sliding speed. 
The analysis of the small end bearing is characterized by a 
huge squeeze of the lubricant and low sliding speed. The 
theoretical relative speed between the piston and the connecting 
rod is a function of the length of the connecting rod itself, of 
the crank radius and the angular speed of the engine
varies during time with a sinusoidal law. 
The piston and the connecting rod are 
the piston pin, which floats respect to the other two 
components. For this reason, it is not possible to 
the relative speed between the two mating surfaces of the 
connecting rod small end and of the piston pin. Therefore, two 
different cases are analyzed: (i) it is assumed that the piston pin 
is wedged into the piston, that means that there is sliding 
between piston pin and connecting rod, (ii)
rotate respect to the connecting rod. This last configuration 
produces a pure squeeze lubrication regime.
minimum film thickness in the two configuration
While the squeeze rules the lubrication regime in both the two 
cases considered, in the first one, where the relative speed is 










e lubricant has a 
Fig.3 depicts 
he 
 and it 
linked together by 
xactly define 
the pin does not 
 Fig 4 shows the 
s analyzed. 
allows the bearing to sustain the load with a slightly 
thickness. 
Figure 2. Pressure distribution 
curves are aligned in order to present the minimum film thickness 
in the center of the 
Figure 3. Minimum film thickness variation with the crank 
angle at the big end bearing
Figure 4. Minimum film thickness variation at the small end 
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